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A system of partial differential equations that approximate the
governing equations for inviscid free surface flow subject to surface
tension is presented. The approximation is based on linearizing the
velocity together with a small scale approximation of the perturba-
tion of the velocity. Two Dirichlet problems must be solved to form
the approximate system, after which it can be evolved without solv-
ing Dirichlet problems. The accuracy of the solution is determined
by how often the velocity term is linearized. This time-interval is
called AT. We show that the error in the solution of the approximate
system at a fixed time T is of the order ¢(AT?). We demonstrate
numerically that the error is closely correlated to the size of the
normal velocity and that there is a stability limit of the form AT =
C/(|uy|.)", where u, denotes the normal velocity of the free surface
and y =~ 2.6. Importantly, Cis independent of the resolution, so the
time-step AT can be chosen independently of the number of grid
points, N. This is in contrast to the original system, where the stabil-
ity limit of the time-step is At = @(N~%?) and a fixed number of
Dirichlet problems have to be solved per time-step. By numerical
experiments, we demonstrate that the approximate system requires
less than 10% of the CPU time used by the original system to solve
the problem very accurately. © 1996 Academic Press, Inc.

1. INTRODUCTION

In this paper we consider the two-dimensional approxi-
mation of a slender nonaxisymmetric three-dimensional
jet subject to surface tension, where the evolution of the
flow in the cross section of the jet is governed by the two-
dimensional incompressible Euler equations inside of the
free surface; cf. [7]. The velocity field is assumed to be
irrotational, so there exists a velocity potential which satis-
fies Laplace’s equation in the interior of the jet subject to
Bernoulli’s equation and the kinematic condition on the
free surface. This type of potential flow problem with sur-
face tension has been simulated numerically by many inves-
tigators; see, for example [3, 14]. The focus of the present
work is to develop an alternative approach to [11] for
reducing the great computational cost of integrating the
governing equations numerically, which is caused by the
stiffness of the discrete system due to surface tension.

We scale the physical problem by the length scale L
such that the area of the scaled initial domain equals 7,
and by a time-scale T = VpL?/7. Here, p is the density of

the liquid and 7 is the surface tension. This choice of time-
scale makes the scaled surface tension equal to 1; i.e., the
Weber number is set to one. Henceforth, only the scaled
problem will be considered. Let x and y be the Cartesian
coordinates in the cross-sectional plane of the jet, and let
tbe the time. We assume that the liquid occupies the simply
connected time-dependent domain )(¢) with a smooth
boundary I'(¢). It is convenient to describe the motion in
the positively oriented Lagrangian coordinate 0 < a < 2,
such that the boundary at time ¢ = 0 is given by x = X (e,
1),y = Y(a, t) and the velocity potential on the boundary
is ¢ = ¢(a, f). The governing equations for ¢, X, Y on
I'(¢) are

b= 3w’ + %) — &, 1)
X, =u, (2)
Y, =v, 3)

for ¢ = 0 subject to the 2m-periodic initial conditions ¢(«,
0) = ¢o(@), X(a, 0) = Xo(a), and Y (e, 0) = Yy(a). The
curvature of the boundary is

K= 0 (XoYu— YuXw), o=1/VXI+Y2 (4)

and the boundary velocity components satisfy
u(ae, t) = ¥ (X(a, 1), Y(a, 1)), (5)
v(e, 1) = ¢y (X(a, 1), Y(, 1)), (6)
where ¢ = (x, y) is the solution of the Dirichlet problem
Ay =0, inQ(2), (7)
P(X(a, 1), Y(a, 1)) = P, f), 0= =2m. (8)

Since the shape of the domain depends on time, it is
rather expensive to compute the boundary velocity by nu-
merically solving (7), (8), followed by evaluating (5), (6).
Instead we will apply an equivalent boundary integral for-
mulation of the Dirichlet problem. For a derivation we
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refer to [2, 6]. In this method, we first compute the (unnor-
malized) vortex sheet strength y(«, f) by solving the
Fredholm integral equation of the second kind,

(e 1) = 7(3’ 1 )

+Re{

where Z(a, t) = X(a, t) + iY(«, t). The velocity on the
boundary is then computed by evaluating the integral

Za(a’ t) 2m '}’(04’» t) ’
) Z@ 1) - Zan [

w(a, 1) — iv(a, ) = % (10)
1 2 v(a', 1) ,
Erad) Z.0) = Z(an ™"

Henceforth, we will denote Egs. (1)-(4), (9), and (10) the
full system.

The linearized motion of the related problem governing
inviscid water waves subject to surface tension was ana-
lyzed by [6]. By projecting the surface coordinates onto
the local normal and tangential components, it was found
that the linearized equations have a tractable form which
enabled the authors to prove well-posedness of the linear-
ized system in a Sobolev space of finite order. This work
was extended by [5] to the spatially discrete case, were
stability and convergence was proven for a pseudo-spectral
discretization of the nonlinear problem. It was found that
the particular type of spatial discretization is very im-
portant in order for certain unbounded operators to cancel
to highest order. A similar result was found by [4] who
considered the linearized stability properties of different
numerical schemes for a vortex sheet subject to surface
tension close to equilibrium.

When the full system is discretized in space by the
pseudo-spectral method, the highest spatial frequency on
the grid is @ = N/2, where N is the number of grid points
in the discretization of the free surface. In Section 2, we will
carry out a simplified version of the general linearization
performed in [6, 13] to show that because of surface ten-
sion, the linearized equations have eigenvalues with imagi-
nary part of the order @((max, o(a, f)w)*?). Hence, when
the discretized equations are integrated in time, the time
step is restricted by the stability constraint At =< @((max,
a(a, )N)7?). The stability limit of the time-step can be-
come increasingly restrictive with time if o becomes large,
i.e., if the Lagrangian grid points cluster. The time-step
restriction together with the clustering of grid points make
the time-integration expensive, because the integral equa-
tion (9) must be solved and the velocity integral (10) must
be calculated every time the right-hand side of (1)-(3) is
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evaluated. The cost of performing these tasks is of the
order (/(N?) operations if direct summation is used or
O(CN) operations, where C is a large constant, if the fast
multipole method [9] is applied.

In the recent paper [11], a method was proposed to
alleviate the stiffness of the more general equations gov-
erning the two-dimensional motion of two immiscible ideal
fluids subject to surface tension. The governing equations
were reformulated using the arc-length and tangent-angle
variables, instead of the Cartesian coordinates X and Y to
describe the position of the interface. It is shown that the
curvature term becomes linear in terms of these variables.
This property, together with a small-scale approximation
of the velocity, enabled the authors to devise a fast implicit
time-integration method to solve the reformulated equa-
tions in the case of zero density stratification between the
fluids. The method has more recently also been extended
to handle the presence of a finite density stratification
across the interface.

As is noted in [11], the tangential velocity of the grid
points is only dictated by the parameterization of the solu-
tion. It would, therefore, be possible to partially reduce
the stiffness of the equations by using a non-Lagrangian
parameterization of the solution and prescribing a tangen-
tial velocity that, for example, distributes the grid points
uniformly with respect to arc-length. This possibility will
not be investivated further here.

In the present paper, we propose an alternative approach
to [11] to handle the stiffness imposed by surface tension.
Here, we will take advantage of the leading order structure
of the linearized equations proved by [6, 13] to derive an
approximate system which can be integrated much faster
than the full system. The approximate system is derived
in the following way. Let T and N denote the unit tangent
and normal vectors of the boundary. The velocity can be
decomposed as

= (u) =@-T)T + (u-N)N.
v

The tangential component of the velocity equals the tan-
gential derivative of the velocity potential, i.e., - T =
o¢,. However, the computation of the normal component
i - N requires the solution of (9), (10), which we want to
avoid. The velocity u depends on ¢, X, and Y. By lineariz-
ing # around ¢©, X© and Y© and letting ¢ = ¢© +

ed, X =XO + X, Y =YO + &Y', we get
u=u®+eu + (f’(s?), (11)
= —X’ My, 12
G = (12)

After some analysis, which we defer to Section 3, we show
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that the tangential component of the perturbation of the
velocity is

- TO=aO¢, —u®Xx;, —0vOY)). (13)
We use the theory in [6, 13] to motivate the approximation
of the normal component of the perturbation of the ve-
locity,

i NO=~cOH($, — uOX;, - vOY)), (14)
where the operator H has Fourier symbol i sgn(w). In those
papers, it is shown that the error in 7’ - N(© is a smoothing
operator of the perturbations ¢', X', and Y'. This means
that the contribution to the error is dominated by the
low frequency components of ¢, X', and Y’ and that the
contribution from the high frequency components tend to

zero as the frequency of the perturbation tends to infinity.
The velocity is therefore approximately

u~u® +eTOwW - TO)+eNO®@ - NO).

Because the tangential component of the velocity is known
exactly, we will only use the above expression for the
normal component of the velocity. We have T©® - N =
O(e),NO-N =1+ (), and o = 0@ + (O(e), so it is
consistent with the linearization to take the approximate
velocity # ~ 7 to be

- i _
u= <~> =T(od,)
]

+N@? - N+ eoH(¢, — u®X,, - vOY))).

(15)

In the approximate system we replace the exact velocity
by the approximation (15). To compensate for the smooth
error in (15), we also introduce a time-dependent forcing
which will be derived in Section 3. We arrive at

& = 3@ +0°) — k+ (t — 1) Gy, (16)
X, =a+ (t - t())Gz, (17)

for t = t, subject to the 2m-periodic initial conditions ¢
(a, t0) = ¢ (), X(av, ty) = X O(a), and Y(ev, ty) = Y O(a).

Computing the velocity 7 requires one solution of (9),
(10), and calculating the forcing terms G;, i = 1, 2, 3,
requires another solution of those equations. Hence, after
(9), (10) have been solved twice, the approximate system
can be evolved without solving those equations. It should
be noted that the stability restriction on the approximative
system is similar to the full system, so the explicit time-
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step limit for the discretized version of (16), (17), and
(18) is also of the order At = ((max, o(a, {)N) >?). The
significant advantage of the approximate system is that the
right-hand side of (16)—(18) can be evaluated by computing
spatial derivatives followed by applying H. Both of these
tasks can be done very quickly by the pseudo spectral
method which requires @(N log(N)) operations.

We start integrating the approximate system at f, = 0,
where we take ¢©@ = ¢, X© = X,, YO = Y,. First we
compute 7 and G;, i = 1, 2, 3, to set up the approximate
system. The system is then integrated in time until ¢t =
to + AT, after which the linearization of the velocity is
redone around ¢O(a) = P(a, ty + AT), XO(a) = X(a,
to + AT), YO(a) = Y(a, ty + AT), and a new approximate
system is formed. This procedure is repeated for as long
as the equations need to be integrated. An error is commit-
ted by approximating the normal component of the veloc-
ity. We show in Section 3 that this error is of the order
¢ (AT?), which implies that the error at a fixed time 7 is
of the order @ (AT?). We remark that the time-step between
linearizing the velocity, AT, is different from the explicit
time-step At, which is used when the approximate system
is integrated in time from £, to f, + AT.

The remainder of the paper is organized as follows. In
Section 4 we discretize both the full and the approximate
systems by the pseudo-spectral method in space. The de-
tails of the discretization are essential for the temporal
stability of the spatially discrete problem. For the full sys-
tem, which will be used to validate the approximate equa-
tions, we will use the discretization developed by [5]. In
this method, the ‘““alternating-point-trapezoidal”’ quadra-
ture rule, together with a Fourier filter, is used to discrete
the integral equation for the vortex sheet strength and the
velocity integral. The curvature is discretized by Fourier-
filtered spectral derivatives. A similar technique is used to
discretize the approximate system. We close the section
with a discussion of the stability and efficiency of different
time-integration methods. In Section 5, we perform numer-
ical experiments to investigate how the resolution affects
the solution of the full system and to study the stability
and accuracy of the approximate method. Some concluding
remarks are made in Section 6.

2. ANALYSIS

The purpose of the analysis presented here is to estimate
the eigenvalues of the linearized operator with frozen coef-
ficients. This information is necessary for selecting an ap-
propriate time-integration method and for estimating the
stability constraint of the time step. For simplicity, we only
consider a special case. We refer to [6, 13] for a derivation
of the linearized operator in the general case.

To perform the analysis, we find it convenient to use
the original formulation of the boundary velocity (5)—(8).
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We begin by linearizing (1)-(8) around a solution ¢©
(a, 1), X9, 1), and Y O(a, £). Denote the velocity compo-
nents by

U® = u[O, X©, YO,
v©® =[O, X O, YO,

(19)
(20)

Let ¢© = ¢© + s¢', X© = XO + X', and Y® =
YO + ¢Y’, where 0 < ¢ < 1. We have

u[¢®, X, YO = u© + eu' + O(£2), (21)
v[®, X©, Y] = v©® + gv’ + ((&?), (22)
with
u' = limi(u[d)(s),X(s), Y©] — u©®), (23)
e—0
b = lim © ([, X©, YO — p©), 24)
e—0 €

Neglecting the /(&%) terms yields the following linear prob-
lem for the perturbations:

&l =uOu + v — k', (25)
X/ =u', (26)
Y =v. @7)

The perturbation of the curvature is
K = (COP(YLXO ~ XL, YO+ X, Y0 - Y.XQ) (28)

— 3KO(cOR(XIXO + YY),

In this expression «© is the curvature of the unperturbed
boundary and the normalization factor is
@ =1/V(X)? + (Y?)~ (29)

Because u and v are linear in ¢, it is clear that the
perturbations of u and v can be split according to

u[¢®, X©, Y] = eu[¢p’, XO, Y O] + u[¢©, X, Y]

+ O(%), (30)
U[Q»')(E), X©), y(e)] = sv[d)’,X(o), Y(O)] + v[¢(0), X©), Y(s)]
+ 0(&2). (31)

The first term on the right-hand sides of (30) and (31)
corresponds to a perturbation of the boundary value only
and the second term is the contribution from perturbing
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the shape of the domain only. For the first term, we have
u[qb',X(O), Y(O)] = w,’C(X(O), y(O)) and v[¢’,X(0), Y(O)] =
L (X, YO), where ¢ is the solution of
Ay =0, inQO,
(X O, 1), YO >, 1)) = ¢/ (e, 1), 0= =2m,

(32)
(33)

Here, Q© corresponds to the domain interior to the bound-
ary x = Xa, 1), y = YO(q, 1).

The second term of the right-hand sides of (30) and (31)
can be written as

u[(i,(O)’ X(s), Y(s)] = (/,)I(I(X(s), Y(E)),

and a corresponding expression for v, where % is the
solution of

AP =0, inQ©, (34)
JIXO(a, 1), YO(, 1)) = ¢Oa, 1), 0=a=2m (35)

Here Q® corresponds to the domain interior to the per-
turbed boundary x = X®(a, 1), y = Y(a, 1).

In the general case, the term ' is difficult to analyze,
because it is not trivial to estimate how the normal deriva-
tive of ¢/ depends on the perturbation of the shape. To
circumvent this problem, we will restrict the analysis to
the special case when

¢, 1) = C — z_te’ C = const, (36)
XO(a,t) = Rcos a, (37)
YO(a,f) = Rsina, (38)

which is a solution of (1)-(3). Now, V¢ = 0 and it is
sufficient to study the contribution from .

Let (r, @) be polar coordinates, i.e., x = rcos o, y = r
sin . The Dirichlet problem on a circular domain with
radius R,

AY=0, 0=r=R0=a=2m, (39)
J=e 0=r=R 0=<a=2m (40)
where w = 0, £1, =2, ..., is solved by
. P\
P(r, o) = 7)€" (41)

On the boundary r = R, we have ¢, = |w|¢®/R and i, =
iwe'. Therefore, the relation between the inward normal
and tangential derivatives becomes
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I = i sgn(w)ifs, (42)
where s is the arc-length. This formula defines the Fourier
symbol for the relation between the inward normal and
tangential derivative for general boundary data,

Yn(a) = H@ps)(a). (43)
Hence, by transforming the tangential and normal deriva-
tives of ¢ to the x and y directions, we arrive at

Ul = cOXO — YOI) cOg, r=R,  (44)
gl =oO(YO? + XOH) cO¢,, r=R. (45)

The system (25)—(27) now takes the form

¢ = —(cOP (Y XO — XL YD + X, YR - Y XQ)

+3kO(FOR(X L XO + YL YO), (46)
X, = cOX© — YOH) ¢ O, (47)
Y =oOYP + XPH) cV¢,, (43)

Freezing the coefficients and Fourier-transforming the de-
pendent variables yields

¢ ¢
a% X |=a|x] (49)
Y’ Y’
where
0 _Cllzwz + blziw _(l13(x)2 + b13lw
A= (O'(O))2 b21iw 0 0
(50)
The coefficients are
a; = oYY,
a3 = —dOX ),

b, =3kOXO — oY),
b3 =3kOYO + O X O,
by =X — YO isgn(w),
by = YO + X©isgn(w),
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The eigenvalues of A are the roots of det(A — Al) =
0, where

det(A - AI) = _)\3 + )\iw(O'(O))4((—alzw2 + blziw)b21 (51)

+ (_[1130)2 + b13i(1))b31).

One root is AV = 0 and after some algebra we find that
the other two roots are the solutions of

2= —(0OV|wP - 2000y 2w? + (0)20Viv|w).

(52)

Inourcase, k© = 1/R, 0@ = 1/R, so ¢® = 0, and the solu-
tions of (52) become purely imaginary:

A2 = +i(aO)w])**V1 + 2/|w|. (53)

3. THE APPROXIMATE SYSTEM

When the discretized version of the full system is inte-
grated in time, the boundary velocity (u, v) must be evalu-
ated a constant number of times per time step, where the
constant depends on the time-integration method. Each
evaluation requires the solution of the integral equation
(9) for the vortex sheet strength followed by calculating
the velocity integral (10). Even though the vortex sheet
strength changes very little between each time step and
iterative methods can be constructed that only require a
few iterations to find the solution, we have found that the
bulk of the computation consists of solving (9) and (10).
In this section we derive the approximate system which
can be integrated much faster than the full system because
(9), (10) can be solved less frequently. The approximation
is based on linearizing the velocity terms in the governing
equations followed by approximating the solution of
Dirichlet’s problem.

We will estimate the error in the solution of the approxi-
mate system in the L,-norm, which we define for 27-peri-
odic vector functions F = (F,, F>, F3)T and G = (G, G»,
G5)T, according to

IGlh = (G, G)2, (F,G),= ﬁﬂ;F?‘(a)Gi(a)da. (54)

We proceed by improving the analysis of the linearized
velocity (12) to allow for a nonconstant ¢®(«) and include
effects from the term V', defined by (34), (35). As in [6,
13], we find it convenient to decompose u’ into its normal
and tangential components. Let the unperturbed inward
unit normal vectors be N and the unperturbed unit tan-
gent vector be T©. In terms of X and Y©,
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X‘(XO) _Ygl())
TO = ;) NO = 5O . (55)
v/ X
We easily get from (23) and (24),
7 - TO = Vy!(XO, Y©) . TO
Flim L (Ve(X, ) - TO — 7 TO)  (56)
e—0 €
7 - NO = Vyl(X©, yO) . NO
T fim - (Vy''(X,Y) - NO =@ - NO) (57)
e—>0 &
The gradient of " can be written as
u a'T//H_ 8([/”—
= -1 + —
Vg ==0T + N, (58)

with d/ds being the derivative with respect to arc-length and
d/9n being the inward normal derivative. Straightforward
algebra yields

’
a

) + 06 (59)

a

o= 0O — g(gOPTO. (

and

Nl

STO =1+ 0(?), (60)

’
(3
!

2|

TO = —ggO NO . < ) + O(&%). (61)

Y.

We now study the tangential component i’ - T®. We have
_ oyt —
7O . TO = g0 g0 LY — 70 . NO 4 0(e)  (62)
on
and, because " satisfies (35),
(63)

al/IH
kA (0)
PP

Hence, (56) and (58) yield

T-TO = Vgl - TO 4 lim L (0O T - TO
e-0 €

+ (@0 NO + o(e))N - TO — g0 ¢0)

= ©® (cb; — (@® - TO)TO

Xe
+ (@©® - NO)NO) .
Y.

= g© ((15‘; — u(O)X; — v(())Yé).

(64)

We remark that only geometrical arguments were used in
the derivation of @’ - 7. Hence, ¢’ and 4/ being solutions
of Laplace’s equation has no bearing on the form of
u - TO.

The normal component %’ - N is more difficult to ana-
lyze, because it requires knowledge of how the normal
derivative of the solution of Dirichlet’s problem depends
on the shape of the domain (). Without analysis, but recall-
ing from (43) the exact relation between the inward normal
derivative and the tangential derivative when the domain
is circular, we will approximate u’ - N© by

i - NO=~cOH (¢, — u®X, — vOY)). (65)
It can be shown that the error in the approximate normal
velocity is a smoothing operator of ¢, X', and Y’; cf. [6,
13]. The linearized velocity (12) satisfies

' =TOw - TO)+ NO@ - N0,

Because the tangential component of the velocity is known
exactly, we will only use the above expression for the
normal component of the velocity. We have T - N =
O(e), NO-N =1+ 0(¢%), and o = ¢© + ((g), so it is
consistent with the linearization to take the approximate
velocity i ~ 7 to be

(66)

v

- (B — _
u= ( ) =T(o¢,) + Nu® - N
+ ecH(¢, — u VX, — v OY))).

In the approximate system we replace the exact velocity
by the approximation (66). To compensate for the smooth
error in (66), we also introduce a time-dependent forcing
which we will present below. This results in the system
(16)—(18).

We will derive the optimal form of the forcing G,
i = 1,2, 3, and estimate the error in the solution of the



FAST COMPUTATION OF 2D JET

approximate system by solving both the full and approxi-
mate systems by asymptotic expansions in time. We start
by considering the full system for ¢ = ¢, subject to the
initial conditions,

P(e, 1) = ¢ (), (67)
X(o, tp) = Xa), (68)
Y(e, tp) = YO(). (69)

Fort: 0 =t — ty < 1, we make the ansatz

Bad) = $0@) + X = 1) 0@ + (= 1)),
X(a) = X0(@) + 3 1 (= 0 X0(@) + (= 1)),
V(e = Y0(@) + 3 1= 0 V0@ + (= 1)),

(70)

The velocity satisfies (11) and by linearizing the curvature,
we get

k= kO + ek’ + (O(&?), (71)
0K 0K
= x4+ 2 /'
K= X DY (72)
Hence, inserting (70) into both (11) and (71) yields
=109+ (¢t — ) + (6] _|_ (6]
u=u (t—1to) { Py ¢ 6XX v Y }
+0((t = 1)), (73)
— (0 _ (€Y} ®
k=kOY+ (¢ zo){aXX +aYY }
+ O((t = 1)?). (74)

We determine the functions ¢®, X®, Y® by inserting
(70), (73), and (74) into the system (1)—(3) and identifying
the terms with the same power in ¢ — #,. This results in

OO =3 (O + @) = k), (75)
XD =4O, (76)
YD = O, (77)
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The O((t — t)?) terms are

ou

ou ou
@) = 4, O 4 M ym 4 My
¢ {aqb ¢ X Y }

v v v
+p©® D+ = xO 4+ = y®
v {a ¢t ax F3% }
oK oK
_ 9K vy _ 9K v
E)XX % Y (78)
x@ =9 4oy 9 v + Y(l) (79)
¢ 90X
Ju Jdv Ju
y@ =% 4o 4 90 vy 4 Yy 80
o ¢ 0X Y (80)

For the approximate system, we make the correspond-
ing ansatz,

Blat) = $9%@) + 31 (= 6/ @) + (=),
X(a,t)=XO(a) + i %(r — 1o)X P (a) + O((t — 15)"Y),

P
Y(a,0) = YO(a) + > %(r — 1) YR (@) + O((t — to)*).
k=1
(81)
Proceeding in the same way as for the full system, the

terms in the asymptotic expansion for the solution of the
approximate system become

I =H@OP+ @O~k (8)
X0 =4O (83)
YO =pO, (84)
The O((t — t)*) terms are
5=y W 4 9% v + y(l)
oo {a¢> v Tax }
a0
+ @ L= 4D _|_ X(l) + Y(l)
v {aqb ¢ ox Y }
oK 0K
9K vy _ 9K vy 4
P XX P Y Gy, (85)
~ o i
XO="p®O 4 —xO 4 ZyO® 4
Y@ = (1) + X(l) + Y(l) +
P ¢ 2 °X Y Gs. (87)
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By comparing the terms in the asymptotic expansions,
we see that ¢V = ¢, X = XD and YD = YD, Further-
more, the 7((t — £,)?) terms will be identical if we take the
forcing to be

ou ou ou ol
G = u©@ 19 oy | 0 oy Uy I g
SuT 06 Tox Y 26 ?

o o
— 98 vy 9y
)

ov Jv Jv a0
@19V L ey L OV )y 90 )
v {aqs ¢t ax 3% 26 ?

(88)

X Y

i ot o
—— MW —=x0O _ZyD
¢ 5 YO, (89)
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av v av
Gi=— oW+ —=—XO 4 ZyD
Y ¢t X Y

~ 90 4y~ )~ 90y

9 aX Y (90)

By this choice of forcing, the difference will satisfy (¢ —
b, X — X, Y — T =0((t — t,)?). We remark that the
forcing terms are easily computed by numerical differentia-
tion, i.e.,

au
X

=lim l(u[qg(o) +e¢dD, XO+xD YO 4 8Y(l)] — u(O))’
>0 €

and a corresponding expression for the v component of the
velocity. In the practical computation, ¢ is taken to be a small
positive number.

The approximate system will be integrated up to time
t = ty + AT, after which the linearization of the velocity is
redone and a new approximate system is formed. The error
in the approximate solution at time ¢, + A7 can be estimated in
the following way. Lets denote the solution of the approximate
system at time #, + AT by &(t, + AT), X(t, + AT), and
Y(t, + AT). From the previous analysis, we have that the
error in that solution is of the order @(AT?). Hence, the
exact velocity at that time can be approximated by

N. ANDERS PETERSSON

u(ty + AT) =u[d(ty + AT), X(ty + AT), Y(t, + AT)]
=ul[d(ty + AT), X(to + AT), Y(to + AT)] (91)
+ O(AT?).

In the same way, the curvature satisfies

K[X(to + AT), Y(t + AT)] = k[K(to + AT), ¥(to + AT)]
+ O(AT?).

We also evaluate the approximate velocity
u(ty+ AT) =u[P(ty + AT), X(ty + AT), Y(1t, + AT)].

At time ¢, + AT, the time-derivative of the error there-
fore satisfies

(¢ — &), = L[ty + AT)|> — & [ii(to + AT)|> — ATG,

+ O(AT?), (92)
(X = X), =u(ty + AT) — ii(ty + AT) — ATG,

+ O(AT?), (93)
(Y=Y),=v(ty+ AT) — 6(ty + AT) — ATG;

+ O(AT?), (94)

Hence, the difference between the third-order terms in the
asymptotic expansions fulfill

~ 1 1 1.~
3 — B = — | =i 2 _ 25 2

- AT@) =Dy, (95)
XO® - X6 = # (u(to + AT) — a(ty + AT)

— ATG),) := D,, (96)
YO~ ¥O = (o(ty + AT) = 01 + AT)

— ATG;:= D3, 97)

as AT — 0. By neglecting the fourth-order terms in the
asymptotic expansions, the error at time #, + AT approxi-
mately satisfies
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¢
3D —_ = J—
o~ 2Tk 5T -G | x|,
Y
¢ D,
% = Xv 5 5 = D2
Y D;

If we assume ||D|, to vary on a time-scale much slower
than AT, we can use this estimate to adaptively adjust the
next AT to keep the error in the approximate system on

a constant level. We enforce the relative error
le]l./||®], = 6 by taking
3 6? 1/3
AT = 813 ( ”_ ||2) (98)
D2

To integrate the solution from time 0 to 7T, the approxi-
mate system must be formed Ny = T/AT times. The local
errors in each time interval will accumulate to a_global
relative error at time T, E(T) = ||®(T) — ®(T)|,/|[®(T)|,
which can be expected to be of the order

E(T) = ((N46) = (c‘(mm (%)m) . (99)

During the integration up to time 7, the integral equa-
tion (9) and the velocity integral (10) must be solved 2N 7
times. The time-step in the explicit integration of the ap-
proximate system is independent of & so the effort in solv-
ing the approximate system is of the order

2TCH(N)S 13 (@)m TCA(N),  (100)

& (L

where Cp(N) denotes the cost of solving (9), (10) and
C4(N) is the cost of integrating the approximate system
per unit-time. Note that both Cp and C, depend on the
number of grid points N. It is our experience that the first
term of (100) dominates the second term. In order to halve
the error E(T), 8 must decrease by a factor 1/V/8, which
increases the 6-dependent cost of computing the solution
by a factor V2. These estimates will be verified by the
numerical examples in Section 5.

4. DISCRETIZING THE SYSTEMS

4.1. Discretization in Space

The details of the discretization are essential for the
temporal stability of the spatially discrete problem and will
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therefore be described at some length. For the full system,
which will be used to validate the approximate equations,
we will apply the discretization suggested by [S]. That
scheme was rigorously proven to be stable and convergent
when it is applied to the equations governing inviscid water
waves with or without surface tension. For the present
problem, the stability and convergence will be investigated
numerically in Section 5.

We define a grid on the boundary by o; = (j — 1)h,j =
1,2, .., N, h = 2a/N, and let f; = f(o;) denote a grid
function. Assume N to be even and define the discrete
Fourier transform of f by

o) = fo+ 2 (@) sin(wog) + 3, () cos(oey).
(101)
where
o) =5 2 ) (102)
o) == 3 2 Sl sinfony). (109
fillw)== E f(ey) cos(wa;). (104)

I
[uN

]

Also define the operator D, to be the filtered spectral
approximation of d/da:

S wp(wh) f.(0) cos(oa,)
a1 (105)

N/2-1

- 21 wp (oh) f.(0) sin(oww).

The requirements on the filter function p will be de-
scribed below.
The discrete version of the full system can be written

dg; 1

=, W ) - (106)
ax; _

TR (107)
ay; _

o v (108)

for 1 = j = N. The discretization suggested by [5] is

_ (DWX])(D7Y)) —

. (DyY?)(D7X))
L (DX + (DY

2~ (109)
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. N
vk S
2D,Z; wmi o ZY-Z7
(j-k)odd
where Z; = X, + iY}. The integral equation for the vortex
sheet strength (9) is discretized by the alternating point
trapezoidal rule:

Ll]'_ ll)j:

(110)

; hD,Z;, X
Dy = % +Re {% >
( /—kk:)})dd

Yk
j

Each variable with a superscript p in (110) and (111) is
filtered by the Fourier filter

X0 =pO)F+ > plwh)X.(0)sin(wa)
= (112)

N/2

+ 21 p(wh) X, (») cos(way;)

and the superscript g in (109) indicates that the variable
is Fourier-filtered by a corresponding expression with the
function p(x) replaced by g(x) = d/dx(xp(x)). The theory
in [5] requires the filter function p to have at least two
continuous derivatives and to satisfy p(x) = 0 for 0 =
x=m, p(0) =1, p(mr) = 0, and, due to surface tension,
p'(m) = 0. Furthermore, the discretization will have spec-
tral accuracy if p(x) = lfor0=x = A7, 0 <A< 1. In
the present work, we will use the C~*-smooth filter:

plx) =

( 2m

1 ===

) 0=x 3
{ 0.75 1.8 toon

— —<x<

1 (1+6Xp<x—ﬂ+x—2ﬂ/3>> » 3 ,
L0, x=m.

(113)

This filter function is similar to p(x) = exp(—10(x/7)%),
which was used in [5]. However, we found by numerical
experiments that the high frequency components of the
solution became slightly smaller when (113) was used
rather than p(x). One theoretical reason for this might be
that p(7) ~ 4.5 X 107° and p’(m) =~ 3.6 X 1073 are nonzero.

Note that the dependent variables (¢, X;, Y;)', 1 =
j = N, are not filtered explicitly in this method. The filter
is only applied when the right-hand side of (106)—(108) is
calculated, i.e., during the evaluation of the curvature, the
solution of the integral equation, and the computation of
the boundary velocity.

We remark that the merits of the alternating point dis-
cretization in (110) was also demonstrated by [4], who
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performed a stability analysis of different spatial discreti-
zations of a vortex sheet, subject to surface tension close
to equilibrium. We refer to [1, 16] for a motivation of
the quadrature rule (111) for the integral equation (9).
Furthermore, it should be noted that filtered pseudo-spec-
tral discretizations have previously been used and analyzed
in the context of hyperbolic systems [12, 17]. An alternative
approach to the filtering used in the present paper is de-
scribed in [11]. In that method an unfiltered spectral deriva-
tive (p(x) = 1) is successfully used, together with an explicit
Fourier filtering of the dependent variables after every
time-step. That technique was also attempted for the pres-
ent problem, but it did not work. One reason might be
that the discretization of the curvature induces aliasing
instabilities in the present formulation, since the curvature
is nonlinear in terms of X and Y. In the formulation used
by [11], the curvature is expressed as the arc-length deriva-
tive of the tangent angle which can be discretized without
aliasing errors.

The dense nonsymmetric matrix in (111) depends on the
shape of the domain and will hence change with time. It
is therefore not economical to LU-decompose the matrix
every time (111) needs to be solved. Instead, we solve the
integral equation by the iterative method GMRES [15].
By using the solution from the previous time level as an
initial guess, the iteration converges to roundoff level in a
few iterations. We have used direct summation to evaluate
the matrix—vector products in the GMRES iterations and
for computing the velocity. The operational count for these
operations is of the order ¢(N?). We note that for large
N, the cost of performing these tasks could be reduced to
O(CN), where C is a large constant, by using the fast
multipole method [9].

The approximate system (16)—(18) is discretized by

dd.
d(f/ _ % (@ + 02) — K+ (t — 1) G¥;, (114)
aX;
By -0, o
dy;
=0+ (- 1)GE, (116)

As for the full system, (109) is used to discretize the curva-
ture. Furthermore, we discretize the approximate velocity
(66) according to

[Dy¢f — u” Dy X} = v{" D, Y]),

where ¢ = ¢ — d)}o), etc. The discrete unit tangent and
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normal vectors are defined by T; = &;(D,X;, D,¥;)" and

N; = 5;,(—D,Y;, D, X,)", respectively, with

J

7 =1NV(D, X)) + (D, Y))>

Since the operator H has Fourier symbol i sgn(w), it sat-
isfies

N/2=1 N/2-1

Hm@ﬁzzﬁ®mﬂmﬂ_§ﬁ@mmwl
(117)

The discrete forcing Ej is computed by a formula corre-
sponding to (88)—(90) with e = 10~*in the numerical differ-
entiation of wandu. As is indicated in (114)—(116), we
filter the forcing by (112). The filtering was found to be
necessary to achieve a stable and convergent solution.

4.2. Time-Integration

Both the discretized full and approximate problems can
be written as large nonlinear systems of ordinary differen-
tial equations,

w, = A(w)w + b(t),

where wand b are 3N-vectors and A(w) is a 3N X 3N-
matrix. The forcing b is only present for the approximate
system. When a system of ordinary differential equations is
integrated in time with an explicit time-integration method,
the time-step At must satisfy a stability constraint of the

type

Atyye s CC (118)
for all eigenvalues A, of A(w), where ./ is the stability
region in the complex plane, cf. [8]. Figure 1 shows the
stability region for some popular time-integration methods
when A is independent of w. The stability region is gener-
ally smaller for nonlinear systems.

To estimate the eigenvalues A, of the operator A, we
linearized the discretized full system around a circular
cross-section and a constant velocity potential. A straight-
forward constant coefficient analysis similar to that for the
continuous problem in Section 2 showed that

)\,((1) =0, A§(2,3) — ii(a(o)p(h|k|)|k|)3/2,
—N/2+1=k=NJ2,

(119)

if lower order terms in k are neglected.

There are many time-integration methods that could
be used for the present problem. Here we will limit the
discussion to the methods shown in Fig. 1. To avoid unphys-
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FIG. 1. The neutral stability curve in the complex plane for some
explicit time-integration methods: second-order Adams—Bashforth
(solid); second-order Runge—Kutta (long-dashed); second-order Adams
predictor—corrector (short-dashed); Hyman’s third-order method
(dotted); and fourth-order Runge—Kutta (dot-dashed). The stability re-
gion./ for each method is the bounded domain inside of the corresponding
neutral stability curve.

ical growth of the eigenmodes which correspond to purely
imaginary eigenvalues, it is important that the time-integ-
rator is stable for such eigenvalues. The stability region
includes an interval of the imaginary axis for the second-
order Adams predictor—corrector method, Hyman’s third-
order scheme and the classical fourth-order Runge—Kutta
method. However, neither the second-order Adams-—
Bashforth method, nor the second-order Runge—Kutta
scheme are stable for purely imaginary eigenvalues; cf. [10].

We demonstrate the importance of the stability region
by integrating the discrete full system (106)—(108) numeri-
cally with the initial data

¢0 (0() = Ov

Xo(a) = 1.25 cos(a),
Yo(e) = 0.8 sin(a).

(120)

The solution was integrated up to time ¢ = 0.085 with
three of the time-integrators described above: fourth-order
Runge-Kutta, second-order Adams—Bashforth, and sec-
ond-order Runge—Kutta. The resolution in the calculations
was N = 256. For all time-integrators, we used a time-step
restriction of the type At = Cy/max ||, where |A,] was
estimated with (119). For the fourth-order Runge—Kutta
scheme we used C,, = 2.5, which is inside of the stability
region. Because both the second-order Runge—Kutta
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FIG. 2. The magnitude of the Fourier coefficients |d(w, 7)| at time
t = 0.085 calculated by solving the discretized full system starting from
the initial data (120). The solid line was computed with the fourth-order
Runge—Kutta scheme, the dashed line with the second-order Runge—
Kutta method, and the dotted line with the second-order Adams—
Bashforth scheme.

scheme and the second-order Adams—Bashforth method
are unstable, according to the above theory, it is hard to
specify a meaningful time-step restriction. Here we used
a stability limit that corresponds to the same number of
function evaluations per unit time as the fourth-order
Runge—Kutta scheme. This leads to C,, = 0.625 for the
second-order Adams—Bashforth method and C,, = 1.25
for the second-order Runge—Kutta scheme.

To study the stability, it is instructive to monitor the
time-evolution of the magnitude of the Fourier coefficients
|d(w, 1)| =: max(|d;(w, )|, |d.(w, £)]). Because of symmetries
in the initial data, |§(w, £)] = 0,fort =0, w =1, 3, 5, ....
Therefore, only even frequencies will be presented in the
graphs of ¢. The results are shown in Fig. 2. Clearly, the
fourth-order Runge—Kutta scheme is stable, but both the
second-order Adams-Bashforth and the second-order
Runge—Kutta schemes are unstable and we can see that
the high frequency Fourier coefficients have grown sub-
stantially already at ¢+ = 0.085. The fourth-order Runge—
Kutta calculation was continued up to time ¢ = 3.0 and
showed no sign of instability. However, the second-order
Runge—Kutta computation blew up at time ¢ ~ 0.14 and
the second-order Adams—Bashforth exploded at ¢ = 0.22.
We observed that the growth could be reduced, but not
eliminated, by taking a smaller time-step. Since a smaller
time-step makes the methods less efficient than the fourth-
order Runge—Kutta scheme, they will not be considered
further.

We proceed by comparing the efficiency of the stable
time-integration methods shown in Fig. 1. Let Cy, be the
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intersection of the positive imaginary axis and the stability
region ./; see Fig. 1. The largest stable time-step is propor-
tional to Cj,, but the efficiency of the different methods
also depends on the number of function evaluations neces-
sary to complete one time-step. The second-order Adams
predictor—corrector needs 2, Hyman’s third-order method
uses 2, and the fourth-order Runge—Kutta requires 4 func-
tion evaluations. By comparing the ratio between C,, and
the number of function evaluations we find that the meth-
ods are comparable in terms of efficiency. We will use the
fourth-order Runge—Kutta method in the present work.
We refer to [10] for a more thorough analysis of different
time-integration methods.

A similar analysis for the discretized approximate system
shows also that these equations must be integrated in time
with a method that is stable for purely imaginary eigenval-
ues. For the same reasons as above, the fourth-order
Runge—Kutta scheme will be used also for that problem.

5. NUMERICAL EXPERIMENTS

To study the evolution of a slender three-dimensional
jet, we consider the family of initial data given by

$o(a) =0, (121)
Xo(a) = acos a, (122)
Yo(a) = %sin a. (123)

Hence, the initial cross-sectional velocity is zero and the
initial cross section is elliptical with area 7 and aspect ratio
AR = a* If a = 1, the solution of the full system is trivially
given by ¢(a, 1) = —t, X(a, t) = cos «, and Y (e, t) = sin
«. The symmetry between the x and y directions makes it
sufficient to study a > 1.

Unless otherwise mentioned, the computations pre-
sented below were performed in 64-bit precision on a DEC-
o machine with 134.8 SPECfp92 and 64 Mb RAM. The
Fourier transforms were computed by the FFT-package
for real-valued functions in the SLATEC library and the
time-step in the explicit time-integration was taken to be
At = 2.5/max; |\, with A, estimated by (119).

5.1. The Full System

To make sure that the discretization scheme for the full
system is stable and convergent we studied the Fourier
coefficients |d(w, £)| =: max(|ds(w, 1), |.(w, t|) at fixed
time levels for different AR and different resolutions. A
representative example is given in Fig. 3, where the case
AR = 2.0 at time t = 3.0 is shown. Note that roundoff
errors prevent the Fourier modes from decaying below
approximately 107!, It can be seen that the highest modes
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FIG. 3. The spectrum of ¢ as function of w at time ¢ = 3.0 computed

by solving the discretized full system for the case AR = 2.0.

remain small for long times and that the lower half of the
modes converge well as the resolution is increased. This
is numerical evidence for the stability and convergence of
the discretized full system.

To check the accuracy of the numerical solution, we will
monitor the perturbation energy E(¢), which is a conserved
quantity not conserved by the discretization [11, 14]. The
energy consists of two components,

EQ®) = K(1) + S(0), (124)

where K(t) is the perturbed kinetic energy,
_1 2 2 _1z —
K@) —zjnvu Fo dQ_zjo (Yot — X0) b da,

and S(¢) is the interfacial energy,
() = f VX7 + Yide - 2w

The integrals are evaluated numerically by the trapezoidal
rule, which is spectrally accurate since the integrands are
periodic in a.

In Fig. 4, we present —log;o |E(¢) — E(0)| as function of
t, which is an estimate of the number of accurate digits in
the perturbation energy. E(f) — E(0) is also a measure of
the error in the numerical solution, and it can be seen from
Fig. 4 that it is approximately proportional to 10~V for
some constant C > 0. This indicates that the numerical
solution is spectrally accurate.

The shape of the free surface as function of time for the
case with AR = 3.0 and the resolution N = 256 is presented
in Fig. 5. This simulation of the full system required
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FIG. 4. The number of accurate digits in the perturbation energy
E(1) in the solution of the discretized full system as function of time for
the case AR = 2.0.

5832 s of CPU time to reach time ¢ = 5.0. From this example
it is clear that simulating only the first one or two oscilla-
tions of a jet with high initial aspect ratio, which calls for
a large N to resolve the solution, requires a substantial
amount of CPU time. In these cases we are interested in
speeding up the computation by replacing the full system
by the approximate system. One oscillation of the jet yields
important information for engineering applications [7], and
we will henceforth restrict our study to the time interval

FIG. 5. A rendered image of the free surface as function of time.
The initial cross section with AR = 3.0 is in the lower left corner. Time
increases diagonally upwards and reaches ¢ = 5.0 in the upper right corner.
Note the chain-like appearance of the free surface which is observed in
slender three-dimensional jets [7].
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FIG. 6. The spectrum of ¢ as function of w at time ¢ = 3.0 computed
by solving the discretized approximate system with A7 = 0.01 for the
case AR = 2.0.

0 = ¢ = 3, which approximately corresponds to the first
oscillation of the cross section.

5.2. The Approximate System

Similar to the full system, we studied the stability and
convergence of the discretized approximate system by
computing the spectrum of ¢ for different initial conditions
and resolutions. In addition, the time interval AT between
linearizing the velocity was varied. A typical example is
shown in Fig. 6, where the case AR = 2.0 with AT = 0.01
at time ¢ = 3.0 is presented. Since the lower half of the
Fourier modes converge well, and the highest modes re-
main small for long times, we conclude that the discretiza-
tion of the approximate system is stable and convergent.

We proceed by studying how the error in the discretized
approximate system depends on the time-interval between
linearizing the velocity, AT. In Table I, we present the
relative error at time ¢t = 3.0 for the case AR = 3.0 with
N = 256. The solution of the full system with the same
resolution was taken as the reference solution. From this

TABLE 1

Results from Integrating the Approximate System with a
Fixed Time Interval AT between Linearizing the Velocity.

AT Est. error Rel. error  CPU (s) Ny AT/AT
1.0 X 1072 4.64 X 107* 135 x 107° 336 300 6.25
501073 115 x 1073 324 X 1074 638 600 3.13
25 %1073 286 X 10* 8.02 X 107 1218 1200 1.56

Note. The error is approximately proportional to AT?. In this example,
AR = 3.0, N = 256, and the solutions were computed at time ¢t = 3.0.
The full system required 3308 s of CPU time.

example we see that the error is approximately propor-
tional to AT?. Also note that the estimated relative error,

& AT?D(t),

Ew= E

o R 125
R IA (12)

consistently overpredicts the actual relative error by a fac-
tor =~3. To indicate how much CPU time is saved by using
the approximate system, we also present the average num-
ber of explicit time-steps per AT, defined by

AT_ 1 {0 AT
At Ny At

Twice the AT/At ratio gives a rather good estimate of
how much faster it is to integrate the approximate system
compared to the full system, because two Dirichlet prob-
lems are solved every time the velocity term is linearized,
and four Dirichlet problem are solved per explicit time-
step when the full system is integrated. Note that the effi-
ciency of the full system would have been similar if, for
instance, the second-order Adams predictor—corrector
method had been used as time-integrator. In that case,
only two Dirichlet problems need to be solved per explicit
time step, but the largest stable time-step is less than half
of that of the fourth-order Runge—Kutta method.
According to (95)-(97), the error in the approximation
satisfies DAT?/3 + ¢/(AT*). To show that D is essentially
independent of AT we present in Fig. 7 the L,-norm of
D as a function of time for AT = 0.01 and AT = 0.0025.
Again, the initial data had AR = 3.0 and the resolution
was N = 256. Because the approximation is based on sim-
plifying the normal component of the velocity, the error
in the approximation can be suspected to depend on the
properties of that quantity. To enable a close comparison,
we also present the max-norm of the normal velocity in
Fig. 7. We conclude that there is a clear correlation in time
between the normal velocity and the error term D. From
this conclusion, we are led to investigate how the size of
the normal velocity affects the stability and the accuracy
of the time integration. In particular, we are interested in
how large AT can be before the time integration goes
unstable and how small A7 must be to maintain a constant
error level when the normal velocity increases. We there-
fore took initial data with increasing AR, which correspond
to an increasing normal velocity and curvature, and in-
creased AT until the solution would blow up. The largest
AT, where the solution did not blow up as a function of
the maximum norm of the normal velocity, can be found
in Fig. 8. In these computations, AR was in the range
1.5-3.5 and the resolution was in the range N = 128-512.
We found that N = 128 only provided adequate resolution
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FIG. 7. Top graph: The L,-norm of the error term D as function of
time for AT = 0.01 (solid) and AT = 0.0025 (dotted). Bottom graph: The
max-norm of the normal component of the velocity as functions of time.
In both graphs the aspect ratio was AR = 3.0 and N = 256.

for AR = 2.5 and N = 256 was only good for AR = 3.0.
The resolution N = 384 was adequate to resolve all AR
and the N = 512 resolution was used to verify the N =
384 computations. The data points fall on an almost straight
line with slope ~—2.6 in the log-log graph, so we are led
to the estimate

aT=—C <2, (126)

(- Nl|.)y

where C is independent of N. Therefore, as long as AT

satisfies (126), it can be chosen to meet accuracy require-
ments, instead of stability restrictions.

To assess the accuracy of the approximate system, we

computed the relative error in the solution at time ¢ = 3.0
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FIG. 8. The largest stable AT as function of the maximum norm of
the normal velocity on a log-log scale. The initial data had AR = 1.5 —
3.5. The resolution was in the range N = 128 — 512, where N = 128 are
circles, N = 256 are triangles, N = 384 are pluses, and N = 512 are
denoted by X’s. Note that AT is essentially independent of N.

as function of AT for initial data with aspect ratio in the
range 1.5-3.5. The solution of the full system was taken
as reference solution. The results are presented in Fig. 9.
The time-step AT must be decreased to maintain a fixed
error level when the aspect ratio and, therefore, the curva-
ture are increased. This is because the normal velocity
increases as the aspect ratio of the initial cross section
increases (cf. Table 1I), and a larger normal velocity leads
to a larger error term D.

We note that ||D||, varies by an order of magnitude in
Fig. 7. From the error estimate (125), we see that a large
portion of the error is committed when |[D|} is large. To
better optimize the computational resources, we will em-
ploy the adaptive time-step control (98). In Table III, we
compare the solution of the approximate system with the
solution of the full system at time ¢ = 3.0. In this case,
AR = 3.0 and N = 256. In this table, the estimated relative
error (125) is compared to the actual relative error, where
the solution of the full system with the same resolution
was taken as the reference solution. Note that (99) predicts
that the relative error should halve when & is decreased
by a factor of 1/V/8. Our numerical results confirm this
estimate. Also note that the estimated error is consistently
overpredicting the actual error by a factor ~=3.

By comparing the number of linearizations, Ny, to the
CPU time in Table III, we see that the CPU time/Ny ratio
decreases as Ny increases. This indicates that the CPU
time is not only spent setting up the approximate system,
but also it is used for integrating the approximate system.
Therefore, the CPU time/Ny ratio is larger when Nr is
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FIG. 9. The relative error as function of AT in the solution of the discretized approximate system at time 7" = 3.0. The initial data had aspect

ratio in the range 1.5-3.5.

smaller. The estimate (100) predicts that Ny would increase
by a factor V2 when & is decreased by a factor 1/V8. In
the present example, Nrincreases slightly slower than that.

To study how the resolution affects the solution of the
approximate system, we doubled the number of grid points
to N = 512. The result is presented in Table IV. In this
case the reference solution was taken to be the solution
of the full system with N = 512. It can be seen that the
relative error is essentially the same as for N = 256. This
is explained by the fact that the relative difference between
the solutions of the full systems with N = 256 and N =
512, respectively, is only 5.87 X 107°. The relative errors

reported in Table IIT and IV are therefore dominated by
errors committed by simplifying the velocity in the approxi-
mate system.

The estimate (100) indicates that the cost of solving the
approximate system would increase by a factor between 4
and 4V?2 when N is doubled, because Cp increases by a
factor 4 and C, increases by a factor 4\/5, since the number
of time-steps for integrating the approximate system in-
creases by a factor 2V2 and the effort in evaluating the
right-hand side of the system doubles. This estimate is
verified by comparing the CPU-timings of Tables III and
IV. This should be compared to the cost of solving the full
system, which increases by a factor 8V2 when Nis doubled,

TABLE 11
The Relation between the Aspect Ratio of the Initial Data, TABLE I

the Maximum Norm of the Normal Velocity, and the Maximum Results from Integrating the Approximate System with a

Norm of the Curvature. Fixed &.
AR fi-Nl. Il P Est.error  Rel.error ~ CPU(s) Ny AT/AT
1.5 0.59 1.84 125 X 107* 1.90 X 1072 872 X 1073 193 148 12.8
2.0 1.16 2.83 442 X 107° 894 X 1073 3.32 x 1073 242 200 9.43
2.5 1.82 3.95 1.56 X 107 438 X 1073 1.56 X 1073 322 280 6.73
3.0 2.63 5.20 552x10° 218 x 103 7.53 x 10 435 394 4.78
35 3.12 7.48 1.95 X 107 1.08 X 1073 3.67 X 107* 592 556 3.39

interval 0 = ¢ = 3.0.

Note. The maximum norm refers to the largest value during the time

Note. In this case, AR = 3.0, N = 256, and the solutions were compared
at time ¢ = 3.0. The full system required 3308 s of CPU time.
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TABLE IV
Results from Integrating the Approximate System with a
Fixed 6.
6 Est. error Rel. error CPU (s) Ny AT/AT
125 X 107* 190 X 1072 7.72 X 1073 815 148 36.1
442 X 10° 896 x 1073 3.13 X 1073 1017 200 26.6
1.56 X 1075 439 X 10* 155 X 1073 1290 280 19.0
552X 10 218 X 1073 7.53 X 10™* 1729 394 13.5
1.95 X 10°  1.08 X 103  3.67 X 10™* 2280 556 9.57

Note. In this case, R = 3.0, N = 512, and the solutions were compared
at time ¢ = 3.0. The full system required 30,997 s of CPU time.

because the cost of solving a Dirichlet problem increases
by a factor 4 and the number of time-steps increases by a
factor 2VV2. The CPU timings for the full system also con-
firm this estimate. For this reason the relative saving in
CPU time by using the approximate system increases when
the resolution increases. For example, at this resolution,
we only have to spend 3.3% of the CPU time required
by the full system to achieve a solution with the relative
error 0.33%.

We conclude by using the approximate system to simu-
late the complicated dynamics emanating from initial data
with AR = 5.0. In Fig. 10, we show the time-evolution of
the cross-sections of the jet. This simulation was done with
the resolution N = 1536 and AT = 1.0 X 107°. It required
7322 s of CPU time on one processor on a CRAY YMP.
The average AT/AT ratio was 7.68, whichi indicates that
it would have taken approximately 15 times longer to com-
pute this solution if the full system had been used. The
error estimate (125) predicted that the relative error at
time 7 = 1.25 was 9.0 X 10°%.

6. CONCLUSIONS

We have presented a system of partial differential equa-
tions that approximate the governing equations for inviscid
free surface flows subject to surface tension. The approxi-
mation is based on repeated linearization of the normal
component of the boundary velocity, together with a small
scale approximation of the perturbation of the velocity.
Two Dirichlet problems must be solved to form the approx-
imate system, after which it can be evolved without solving
Dirichlet problems. The accuracy of the solution of the
approximate system is determined by the magnitude of the
normal velocity and by how often the velocity term is
linearized. This time interval is denoted AT. We have
shown that the error in the solution of the approximate
system at a fixed time T is of the order (AT?). We have
exemplified the use of the approximate system by in-
tegrating the equations governing a slender nonaxisym-
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FIG. 10. Time evolution of the cross section of the jet with initial
aspect ratio AR = 5.0. Top graph: ¢ = 0.00 to ¢t = 0.65 with spacing 0.05.
Bottom graph: ¢t = 0.70 to ¢+ = 1.25 with spacing 0.05. Here, ¢t = 0.70 is
solid, ¢+ = 0.75 is dotted, ¢t = 0.80 is dashed, r = 0.85 is long-dashed, ¢t =
0.90 is dot-dashed, ¢t = 0.95 is solid, t = 1.00 is dotted, t = 1.05 is dashed,
t = 1.10 is long-dashed, r = 1.15 is dot-dashed, r = 1.20 is solid, and ¢t =
1.25 is dotted.

metric three-dimensional jet subject to surface tension,
where the evolution of the cross section of the jet is gov-
erned by the two-dimensional Euler equations inside of
the free surface. It has been demonstrated numerically that
the error increases with increasing normal velocity and
curvature and that there is a stability limit of the form
AT = C/(Ju - N|..)", where @ - N denotes the normal velocity
and y = 2.6. Importantly, C is independent of the resolu-
tion. Hence, the time-step AT can be chosen independently
of the number of grid points, N, as long as it satisfies the
stability constraint governed by the normal velocity. This
is in contrast to the time-step when the original system is
integrated, where the stability limit is Az = @(N~¥?) and
a constant number of Dirichlet problems have to be solved
per At. Therefore, the relative saving of CPU time by using
the approximate system increases when the resolution in-
creases.
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